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I. Introduction

PARTICLE-LADEN flows can be described through two
approaches of trajectory and two-fluid [1]. In the trajectory

approach, particles are individually tracked in the Lagrangian frame.
In the two-fluid approach, particles are treated just as another fluid
through model equations in the Eulerian frame. The model
development is performed via approaches similar to that in the
kinetic theory of gases where molecules are statistically dealt with
leading to differential equations representing the gas as a continuum
media. In practical situations the number of particles could be so
large that tracking each particle computationally is not feasible due to
limitations in current computers; therefore, simulations based on
trajectory models are not feasible for flows with a very large number
of particles. In fact, for the quantification of concentration (number
density) of particles in the trajectory approach, practically a large
number of particles per cell is required to generate enough samples.
On the other hand, in the two-fluid approach, much more
sophisticated models are required due to closure problems resulting
from the statistical averaging.

There are various two-fluid models for dealing with particle-laden
flows [2–10]. In the current work we adapt the two-fluid model
proposed by Pandya and Mashayek [11] for the large-eddy
simulation of turbulence to a case in which the filter size is taken so
small that all scales of the fluid phase velocity are resolved. This
adaptation can be thought as a two-fluid formulation for direct
numerical simulation (DNS) of turbulent or laminar flows. It is noted
that we consider the case of particles much smaller than scales of
undisturbed motion that would exist in the absence of particles.
When particles are present it is unavoidable that the fluid motion will
have length scales comparable to those of the particle. Thus a true
DNS of the fluid is not possible; though, in the current work by DNS
we mean full-scale simulations of the fluid phase where point-
particle assumption is made for particles [12–14]. In this work, for
the assessment purposes themodel is simplified to a one-dimensional
case for which a sample problem is solved.

II. Two-Fluid Model Description

The governing equations of the position vector X� �X1; X2; X3�
and velocity vector V � �V1; V2; V3� of a particle in the Lagrangian
frame are

dXi
dt
� Vi (1)

dVi
dt
� f1
�
�U�i � Vi� (2)

where � � Ref�pd2=18with d and �p denoting the particle diameter
and density, respectively, is the particle time constant [1]. All
variables are normalized by reference length Lf, density �f, and
velocity. Ref � �fUfLf=� is the reference Reynolds number.
Superscript � shows the value of a carrier phase variable at the
location of the particle, i.e., U�i �t� �Ui�X�t�; t� where Ui is the
velocity vector component of the carrier phase at i direction.
Coefficient f1 is a function of the Reynolds number of the particle
Rep � Ref��jU� � Vjdwhere at the limit of a smallRep, it isf1 � 1
[1], which is the value that we consider in this study. It is noted that
particles with a larger Stokes number, which is a nondimensional
number defined as the ratio of the particle time constant and the
smallest scale of the fluid flow (Kolmogorov time scale in the case of
turbulence), possess high inertia leading to larger deviations between
the velocities of particles and their surrounding fluid velocities,
which, in turn, results in higher particle Reynolds numbers. Thus,
setting f1 � 1 does not seem to be a good approximation for very
large Stokes numbers.

It can be shown that W�x; v; t�, which is called the fine-grained
phase-space density [11] and defined by

W�x; v; t� � ��x �X�t����v � V�t�� (3)

where x� �x1; x2; x3� and v� �v1; v2; v3�, satisfies the Liouville
equation of the fine-grained phase-space density
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where xi and vi are phase-space variables corresponding toXi andVi,
respectively.

For any variable such as f, the spatial filtering is defined by

f̂�x� �
Z
f�x0�H��x � x0� dx0 (5)

where f̂ is referred as the filtered value of f andH� is called the filter
kernel function [15].Herewe take� as the smallest grid size required
to fully resolve all scales of the carrier phase quantities; therefore, ifg
represents a typical carrier phase quantity, e.g., the carrier phase
velocity, ĝ� g. In other words,� is set to a sufficiently small value
that there are no subgrid scale fluctuations for the fluid phase and all
scales of the fluid phase are fully resolved. For a turbulent flow, this
small value is the limit at which LES is regarded as DNS. Applying
Eq. (5) on Eq. (4), the filtered Liouville equation is obtained
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where Ŵ is the coarse-grained density function which has all
properties of a probability density function if the kernel H� is
positive [16,17]. Examples of such kernels are top-hat and Gaussian
filters.

The Eulerian variables for the particle phase are defined by

���x; t� �
Z
Ŵ�x; v; t� dv (7)
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�v i�x; t� �
1

��

Z
viŴ�x; v; t� dv (8)

where �� and �vi represent the number density and Eulerian velocity of
particles, respectively. By taking zero and first moments of Eq. (6)
one obtains
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@xi
� 0 (9)
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�
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where

vivj �
1

��

Z
vivjŴ�x; v; t� dv (11)

where vivj is the second moment that gives rise to a closure problem
similar to that encountered in Reynolds-averaged Navier–Stokes
(RANS) modeling of turbulent flows [15]. A transport equation can
be derived for vivj by taking the second moments of Eq. (6)

@ �� vivj
@t

�
@ �� vivjvk
@xk

� 1

�
���ui �vj � �viuj � 2vivj� (12)

where

vivjvk �
1

��

Z
vivjvkW�x; v; t� dv (13)

To close the system of Eqs. (9), (10), and (12), third moments seen in
Eq. (12) are approximated by

vivjvk � vjvk �vi � vivj �vk � vivk �vj � 2�vi �vj �vk (14)

Proposed by Pandya and Mashayek [11], this approximation is
second order as it is equivalent to setting the third cumulants equal to
zero.

III. Model Assessment

Equations (9), (10), and (12), which are in a strong conservative
form [18], constitute the three-dimensional Eulerian equations of

particle Eulerian variables ��, �vk, and vivj. They are coupled to each
other and can be simultaneously solved along with the carrier phase
Navier–Stokes equations governing ui. In this work we focus on a
1-D problem as a first step toward model assessment assigning a
known function to the fluid phase velocity assumed known in terms
of x; therefore, no differential equations are required to solve for the
fluid phase velocity to prevent further complexity in the preliminary
assessment stage.

For a 1-D case, the particle-phase Eulerian Eqs. (9), (10), and (12),
are simplified to
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�
���u �v � v2� (17)

Following the approximation made in Eq. (14), v3 in Eq. (17) is
approximated by

v3 � 3v2 �v�2�v3 (18)

Incorporating above equation into Eq. (17), Eqs. (15–17) can be
simplified to
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where s� v2 � �v2. The eigenvalues ofA, which are important for the
numerical discretization of this system of equations, are obtained as

�1 � �v, �2;3 � �v�
�����
3s
p

. The hyperbolicity of Eq. (20) is in order
when the eigenvalues are real [19], which is the case when s is
positive. Positivity of the filter kernel H� in Eq. (11) is a sufficient
condition for a positive s [16].

Here, we consider a 1-D problem with a prescribed fluid velocity
in the form of

u�x; t� � 1� � sin�2�kx� (21)

Fluid-phase velocity seen in this equation nonlinearly varies with x,
which is due to the second term on the right hand side of the equation.
Furthermore, the particle time constant is set to unit and �� 0:5 in
Eq. (21). Particles are released with an initial concentration that we
consider to be a Gaussian function in space with an average at x� 1,
and variance of 0.05. The initial velocity of particles are also

Gaussian with a mean value of 1 and s� s0. Therefore, the initial Ŵ
is a bivariate Gaussian.

Equation (19) is solved using a first-order upwind finite difference
scheme along with a first-order explicit Euler scheme in time [20].
Results obtained by the two-fluid model are compared against the
results obtained by solving the Liouville Eq. (6) that is simplified to
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for a one-dimensionalflow.Equation (22) is a linearfirst-order partial
differential equation that is solved by the method of characteristics
[19] in this work using the characteristics ordinary differential

Eqs. (1) and (2). After solving for Ŵ�x; v; t�, it can be integrated with
respect to v to generate statistical quantities such as ��, �v and v2 using
Eqs. (7), (8), and (11).

IV. Results

Figure 1 shows the particle concentration versus space at various
times. At time t� 0 we initialize the particle concentration with a

Fig. 1 Particle concentration at various times obtained by Liouville

equation (solid line) and two-fluid model (dashed line) for k� 1 and

s0 � 0:05.
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Gaussian function in x as shown in the figure. It is seen that with the
increase of time the peak of �� decreases and �� broadens. The peaks at
t� 1, 2, and 3 nearly correspond to x� 2, 3, and 4; however, a closer
look to the concentration hills reveals that with the increase of time
the initial hill becomes more asymmetric about the peak point and
deviates from a Gaussian shape. A good agreement between the
model and exact results at all times is observed in Fig. 1. The
deviation between the two-fluid and Liouville equation solution is
noticeable at the peaks of the curves. Shown results in Fig. 1 are
obtained in a domain with boundaries at x��2 and x� 6
with a grid size of�x� 2:5 	 10�4 and a Courant–Friedrichs–Lewy
(CFL) number of 0.5 where CFL�U0�t=�x with U0 � 1
chosen according to the constant part of the fluid velocity given in
Eq. (21).

Spatial and temporal convergence studies have been carried out for
which results are shown in Fig. 2. The spatial discretization error

"�x �mean�j ���x � ��finestj� where ��finest corresponds to the finest
spatial resolution with �x� 2:5 	 10�4 and mean� � is the mean
carried out over all grid points. The temporal discretization error is

"�t �mean�j ���t � ��finestj� where ��finest corresponds to the smallest
time step with �t� 3:125 	 10�5. CPU times of the various
resolutions are displayed in Fig. 3. All computations are performed
on a Mac OS X with a 2.4 GHz Intel Core 2 Duo CPU and a 4 GB
1067MHzDDR3memory. The straight line seen in Fig. 3 has a slope
of 2, meaning that CPU time / N2.

Figure 4 shows the influence of the change of wave number k, seen
in Eq. (21), and the variance of the initial particle-phase velocity s0 on
the spatial variation of the particle concentration. All other numerical
and physical parameters are the same as those used in Fig. 1. The
asymmetry of the particle concentration is the most visible in Fig. 3b
which corresponds to the lowest wave number considered in this
work. Very good agreements between the two-fluid model and
Liouville equation results are seen in all cases shown in Fig. 3 with
the best agreement in Fig. 3b corresponding to k� 0:3.

Figure 5 shows various statistics obtained by the Liouville
equation and model solutions with the same physical and numerical
parameters used for Fig. 1. These statistics represent the mean and
variance of particle variables in a Lagrangian sense. These statistical
variables for the two-fluidmodel are readily calculated fromEulerian
variables through the following equations and they are only functions
of time

hXi �
Z
x �� dx (23)

hVi �
Z

�v �� dx (24)

hX2i �
Z
x2 �� dx � hXi2 (25)

hV2i �
Z
v2 �� dx � hVi2 (26)

hXVi �
Z
x �v �� dx � hXihVi (27)

As seen in Fig. 5, all these statistics obtained by the model almost
perfectly match those obtained by solving the Liouville equation.

Fig. 2 Space and time discretization errors for k� 1 and s0 � 0:05;
(a) various space resolutions at fixed time step �t� 1:25 � 10�4;

(b) various time resolutions at fixed grid resolution �x� 1 � 10�3.

Fig. 3 Calculated CPU times versus the number of grid points for the

two-fluid model code. The CFL� 0:5 is the same for all resolutions.

CFL� U0�t=�x where U0 � 1 according to the constant part of the
velocity given in Eq. (21).

Fig. 4 Particle concentration at t� 3 for a) k� 4 and s0 � 0:05;
b) k� 0:3 and s0 � 0:05; c) k� 1 and s0 � 0:2. Liouville equation (solid

line) and two-fluid model (dashed line).
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V. Conclusions

The two-fluid model of Pandya and Mashayek [11], which is
adapted for DNS and implemented in a 1-D sample problem,
generates promising results as various statistical quantities obtained
by the model are well compared against those obtained by directly
solving the Liouville equation. The two-fluid model can be extended

to the cases inwhich variation of temperature is important. To do so, a

new phase-space variable representing the temperature of the particle

can be added to the filtered density function. Consequently,

additional transport equations for the first and second moments of

temperature are obtained and need to be solved. Also in the case of

two-way coupling, a source term that is a function of particle

Fig. 5 Time evolution of various statistics obtained by Liouville equation (solid line) and two-fluid model (dashed line) for k� 1 and s0 � 0:05.
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concentration as well as the difference of the fluid and particle
velocities can be added to themomentum equation of the fluid phase.
A similar source term has been used in our recent study through
equilibrium Eulerian approximation [10].

Further assessments of the model are required in 2-D and 3-D
problems. In the sample problem the fluid phase velocity is
prescribed; however, in the practical applications, the fluid phase
velocity has to be solved in the Navier–Stokes equations. From
numerical solution point of view, the compatibility between the fluid
and particle solver has to be assured.
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